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ABSTRACT: We classify, in a group theoretical manner, the BPS configurations in the
multiple M2-brane theory recently proposed by Bagger and Lambert. We present three
types of BPS equations preserving various fractions of supersymmetries: in the first type
we have constant fields and the interactions are purely algebraic in nature; in the second
type the equations are invariant under spatial rotation SO(2), and the fields can be time-
dependent; in the third class the equations are invariant under boost SO(1,1) and provide
the eleven-dimensional generalizations of the Nahm equations. The BPS equations for
different number of supersymmetries exhibit the division algebra structures: octonion,
quarternion or complex.
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1. Introduction

In a series of recent papers [, Bagger and Lambert (BL) have constructed a three-
dimensional, interacting superconformal gauge theory of multiple M2-branes. The action is
maximally supersymmetric with 16 ordinary supersymmetries, and it has been verified that
the theory is indeed superconformal with 16 conformal supercharges in [f]. In the quest for
the final form of the theory, as usual, it was supersymmetry that provided crucial guiding
lights. The work was initiated as an attempt to incorporate Basu and Harvey’s generalized
Nahm equation -which was a proposal to describe M2-branes ending on an M5-brane [J- in
the full supersymmetric M2-brane action. Their analysis revealed a novel algebraic struc-
ture, namely the 3-algebra, which is also investigated independently by Gustavsson [f].
Since the discovery, the multiple M2-brane theory of Bagger and Lambert has attracted
an enormous degree of attention [J-BJ]. One might expect that, given this genuine super-
conformal field theory, M-theory is now about to unveil its mysterious and fundamental
features.

In the present paper, we set out to classify the BPS states, or the BPS equations of the
BL theory using a group theoretical consideration. Apparently the theory of our interest
has the Lorentz group SO(1,2) and the R-symmetry group SO(8). Instead of providing the
full and thorough survey of possible BPS equations, we focus mainly on two different types
of BPS equations with different number of supersymmetries, and classify them completely.
The first class is completely Lorentz invariant, and the other is invariant under the spatial
rotation.

In the first type, the BPS equations are given purely in terms of the three-algebra
commutators and independent of the three-dimensional worldvolume coordinates. Thus
the corresponding nontrivial configurations possess infinite energy, typically corresponding
to BPS objects of infinite size. Previously known analogous algebraic soultions include the
longitudinal M5-brane in M-theory matrix model which is realized in terms of Heisenberg
algebra or large N matrices [Bf].

In the other type the equations are SO(2) rotation invariant, and the fields can be
time-dependent. A technical reason why we focus on the two classes is that in these cases,
fully utilizing the SO(8) triality we are able to classify the BPS equations completely.

In addition to the two classes, there is another possibility to obtain third type of BPS
equations wvia simple tensor product. Namely one can obtain various generalizations of
the Nahm equations which are invariant under the boost SO(1,1) C SO(1,2). Our BPS
equations manifest the division algebra structures: octonion, quarternion or complex. In
the paper we will mainly focus on the BPS equations themselves. Our results hold for
both the finite and infinite dimensional three-algebras. Note however that the Lorentz



invariant BPS equations can have nontrivial solutions only for infinite dimensional three-
algebras. The specific solutions and the physical interpretation will be presented in a
separate publication [B7].

The organization of the present paper is as follows. Section ] is for preliminaries. We
first discuss the general features of the ‘supersymmetric projection matrices’ and review
how to derive the corresponding BPS equations for a given projection matrix. We also
explain the relevant symmetries. Then we classify the projection matrices for the SO(1,2),
SO(2) and SO(1,1) invariant equations. Section [J contains our main results of the BPS
equations. Section B.]] classifies the SO(1,2) invariant BPS equations preserving two, four,
six, eight, ten and twelve supersymmetries.” Section B.J classifies the SO(2) invariant BPS
equations preserving two, four, six and eight supersymmetries. In section B.g we discuss the
SO(1,1) invariant BPS equations which generalize the Nahm equations. The final section,
section [ contains our results and discussions. In appendix we review the SO(8) triality
and its relation to octonions.

Note added. While this paper is being finished, ref. [BY] appears in ArXiv which
partially overlaps with our work, as it discusses the BPS equations of the form: D, X; =
%CUKL[XJ, XK X", In the present paper, we explicitly spell the coefficients Crjxr, and
classify various BPS equations.

2. Preliminaries

The multiple M2-brane theory has 8 real scalar fields X!, 7 = 1,2,...,8 and a 16 component
Majorana spinor ¥. The supersymmetry transformation of the fermions in the Bagger-
Lambert theory assumes the form:

1
60 = <FMPM - EFIJKF”K> £, (2.1)

where all the variables are three-algebra valued and we set
F.r=D, Xy, Frig =X, X5, Xk] . (2.2)

The bracket [ X, Xj, Xk] denotes the three-algebra product which is trilinear and totally
antisymmetric. Note also that in contrast to the original convention [l] welet I =1,2,...,8
and take u = 0,9, 10 directions as for the M2-brane worldvolume for convenience to present
the BPS equations later,

2=t =z, 0=y, (2.3)
The supersymmetry parameter is real and subject to the SO(1,2) projection condition:

% = ¢, (2.4)

!Note that in the present paper we focus on the sixteen ordinary supersymmetries and not the sixteen
conformal supersymmetries. For the BPS equations preserving conformal supersymmetries in super Yang-
Mills we refer the readers to ref. [E]



which is consistent with the opposite projection property, I'"*¥¥ = —W. Since the prod-
uct of all the eleven-dimensional gamma matrices leads to the 32 x 32 identity matrix
[tzyl23-8 — 1 the above SO(1,2) projection condition coincides with the chirality condi-
tion of SO(8),

128 — ¢, (2.5)

2.1 Supersymmetry projection matrix - general

In general for supersymmetric theories, the supersymmetry projection matrix ) can
be defined in terms of the commuting, real, orthonormal supersymmetry parameters

€1,€2,...,EN,
N

Q= el ele; =0y, (2.6)
i=1

satisfying Qf = Q2 = Q. Here N denotes the number of the preserved supersymmetries,
N =TrQ. (2.7)

Naturally the eigenvalues of the projection matrices are either zero or one.

When the supersymmetry transformation of fermions takes the form ¥ = Fe where
F denotes a bosonic quantity contracted with gamma matrices as in (P.J)), the general
strategy to obtain the BPS equations is as follows [A{]:

1. Expand the projection matriz Q in terms of the gamma matriz product basis.

2. Perform the matriz product FQ and reexpress it in terms of the gamma matriz product
basts.

3. Read off the BPS equations from the coefficients of the linearly independent terms.

For example in the Euclidean four-dimensional minimal super Yang-Mills theory, we have
two choices for the projection matrix 2 = %(1 + ~1234) while F = F;;7%. Consequently,
noting v'2Q = F931Q etc., we get F;j47Q = 2(F F % F);47*Q such that the corresponding
BPS equations are the well-known self-dual or anti-self-dual equations F = +%xF. In
this way, the complete classifications of the BPS equations in six and eight-dimensional
super Yang-Mills as well as the pp-wave M-theory matrix model [i1] have been carried
out [0}, B3, 13-

The present paper concerns the BPS equations of the Bagger-Lambert theory. Since the
eleven-dimensional spacetime admits Majorana spinors we can set all the gamma matrices
and the spinors to be real. In particular, the spatial gamma matrices are symmetric
while the temporal gamma matrix is anti-symmetric. Consequently, also from (2.F), the
projection matrices of the Bagger-Lambert theory must satisfy

Q=07 =0Q", Q =02, Q=PQ=QP, (2.8)
where P is the SO(8) chiral projection matrix,

1
P = 5(1 4 T1238) (2.9)



The most general form of such projection matrices reads
Q=[c+Ta+T( + YY) +TY(" + T + T, P, (2.10)

where ¢,c,c” are constants, Y4, Y/, Y/ are foursome productions of the SO(8) gamma

I'MJKL contracted with self-dual four-forms, and Y is a twosome production of

PIJ

matrices

the SO(8) gamma matrices contracted with a two-form. All together, a priori, there

are 3 + 3 x % (i) + (g) = 136 real parameters which must be determined by requiring the

remaining condition Q2 = . The symmetry group SO(1,2)xSO(8) in the Bagger-Lambert
theory may reduce the number of the free parameters, but is not big enough to transform
all the free parameters, the two-form and the four-forms, into ‘canonical’ forms. Note that
the SO(8) rotation may take only one of {Y4, Y/, Y/ Ts} into a canonical form. In our
choice, the canonical form of a two-form reads

Ty = ai T2 + aol3 + a3 + 48, (2.11)

while the canonical form of a self-dual four-form reads

Ty = b1E1 + o + b3E3 + bs&y + bsEs + bgEg + b7E7 (2.12)
where we set
&1 =Tg127P, &y = I'g163P, &3 = I'goueP, &y = I'g347P,
Es = T'ss67P s E6 = I'sas3P, Er =Tgi54P. (2.13)

The former is well known, while the latter is less familiar and we review it in appendix [A].
In (R.13) the subscript spatial indices of the gamma matrices are organized such that
the three indices after the common 8 are identical to those of the totally anti-symmetric
octonionic structure constants [}, 4]

eiej = —0i; + Ciji €k i, 5,k=1,2,...,7,
1= C127 = C163 = C246 — C347 — Cs67 — C253 — C154 , others zero. (2.14)
We say € is invariant under SO(2) rotation invariant on xy-plane if [I',, Q] = 0.

When this holds, for a finite angle ¢ and rotation G = e®™v_ from the equivalence
FQ=0 = GFOG~ ' =GFG™ 10 =0, (2.15)

we note that the corresponding BPS equations are, as a set, invariant under the rotation.
Naturally this generalizes to an arbitrary subgroup of SO(1,2)x SO(8).

In the present paper instead of attempting to solve for the most general projection
matrices, we restrict to the cases where {2 assumes the canonical form. Namely we focus on
two types of the BPS equations and classify the corresponding BPS equations completely:
one is the SO(1,2) invariant cases i.e.

Q=(c+ TP, (2.16)



and the other is the SO(2)% = SO(2) x SO(2) x SO(2) x SO(2)x SO(2) invariant cases i.e.
Q= (constant + twosome products of {Fwy, 2 34 s F78}) P. (2.17)

Here SO(1,2) and SO(2) correspond to the M2 worldvolume Lorenz symmetry and the Car-
tan subgroup of the symmetry group SO(1,2) x SO(8) respectively. In addition, the former
will easily generate various M-theoretic generalizations of the Nahm equations which are in-
variant under SO(1,1) C SO(1,2), as the corresponding projection matrices are of the form:

Q=1+T")(c+ Ty P. (2.18)

2.2 SO(1,2) invariant projection matrices

The basic building blocks of all the possible SO(1,2) invariant projection matrices are the
following N = 2 projection matrices [[(]:

1
0 = g (’P + a1a251 —+ a1a3€2 + a353 + a254 + a1€5 + ala2a356 + O4204357) ) (219)
where a1, a9, ag are three independent signs,
o =ai=a2=1. (2.20)

Three independent sign choices lead to eight possible combinations, hence eight N = 2
projection matrices. They are orthogonal to each other and complete, as summing all of
them gives an identity. Namely they form an orthogonal basis for the SO(1,2) invariant
projection matrices. General N = 2k projection matrices can be straightforwardly obtained
as a k sum of the above eight N = 2 projection matrices. Furthermore, from the SO(8)
triality, the 8!/[k!(8—k)!] possibilities for the k& sum are all equivalent to each other. The
corresponding N= 2k BPS equations are SO(1,2)x SO(8—k)x SO(k) invariant.

2.3 SO(2) invariant projection matrices

The basic building blocks of all the possible SO(2) invariant projection matrices are the
following N = 2 projection matrices (see appendix [§ for derivation):

1
Q=g [1+T%Y (81T 12+ BoT? + B30 + B1 8285178 — By BoT 1234 — B3 81 11276 — 3, 35T 1278 P
1

= g(1+ﬁ11”y12)(1+ﬁ21“xy34)(1+ﬁ31“”56)7’, (2.21)

where 31, B2, O3 denote three independent signs,
pl=p3=05=1. (2.22)

Eight possible N = 2 projection matrices form an orthogonal basis for the SO(2) invariant
projection matrices. General N = 2k projection matrices can be straightforwardly obtained
as a k sum of the above eight N = 2 projection matrices. However, if the sum contains
a pair of two opposite overall sign factors e.g. (+++) and (-—-), the corresponding BPS
configurations become SO(1,2) invariant as F,,; = 0 and the BPS equations reduce to
those of SO(1,2) invariant BPS equations. Excluding these cases, up to SO(8) rotations,
there are five inequivalent SO(2) invariant projection matrices as follows.



e N =2 SO(2)x SU(4) invariant projection matrix, with the choice of (81,82,63) = (+++),
0= % (14T (F12 L34y 56 F78) _ i34 _ 1256 _ P1278] D, (2.23)

e N =4 SO(2)x SU(2)x SO(4) invariant projection matrix, with (+++),(++-),
Q= i [14+T7(T12 +T734) — 1124 P, (2.24)

e N =6 SO(2)x SO(2)x SU(3) invariant projection matrix, with (+++),(++-),(+—+),

1
Q= [34+T™EM? T+ 170 —TT) - P -0 L TER] P (2.25)
o N = 8 SO(2)xSO(2)x SO(6) invariant projection matrix, with
(), (=) (=), (+ =), )
Q=21+ ri2yp, (2.26)

e N =8 SO(2)x SU(4) invariant projection matrix, with (+++),(++-),(+—+),(=++),

1

=7

24T (2 +T% + 1% —T7)] P. (2.27)

2.4 SO(1,1) invariant projection matrices

For SO(1, 1) invariant projection matrices, we have the following N = 1 projection matrices:

1
Q:1_6(1+aofm)(77+a104251+a1a352+a353+0254+a155+a104204356+0‘20‘357)’ (2.28)

where ag, a1, a9, ag are four independent signs,

d=al=ai=03=1. (2.29)
Sixteen possible N = 1 projection matrices form an orthogonal basis for the SO(1,1)

invariant projection matrices. Generic N = k SO(1,1) invariant projection matrices may
be obtained straightforwardly as a k& sum of the above sixteen N = 1 projection matrices.
For each sum, we may decompose

N=N,+N_, Ni=n4s+n, N_=n_+n, (2.30)

such that N4 denotes the number of N = 1 projection matrices in the sum whose «g
values are +1, and n counts the number of N = 1 projection matrix pairs which have the
same aq, ag, ag values and opposite ag signs. There are 8!/[ni!In_In!(8—ny—n_—n)!]
possibilities for the sum which are all equivalent to another, thanks to the SO(8) triality.
Furthermore, if n is nontrivial n # 0, then the BPS configurations become SO(1,2)
invariant as F,,; = 0 and the number of the preserved supersymmetries is automatically
increased from n4 4+ n_ + 2n to 2(ny + n— + n). In this case the BPS equations
reduce to those of SO(1,2) invariant BPS equations. Genuinely SO(1,1) invariant BPS
equations appear only when n = 0. The corresponding (N4, N_) BPS equations are
then SO(1,1)x SO(N4)x SO(N_)x SO(8—N4—N_) invariant with the natural restriction
Ny+N_ <8.



3. Classification of the BPS equations

3.1 SO(1,2) invariant BPS equations

The generic N = 2 SO(1,2) invariant projection matrix (B.19) leads to the following

N=2 S0(1,2)x SO(7) invariant BPS equations which involve three free sign factors

a%:a%:agzlz

Fur=0, w=txy, I=1,2....,8, (3.1)
and

ayag Forg+asag Fris +asan Fegs+an Fazg+aoFose +asFssr+ayasasFyre = 0,
ayaa Frig+asagFyre+aszar Fyrs +an Flaz +asFies +asFyes +aiasasFszs = 0,
araa Fyse+asasFosr +aszar Figs+an Flag +agoFyrs+asFsir+ajasasFass = 0,
a1 Fs36+aoagFisg +asar Fosr+an Fiza +as Frsg +agFeos +aiasasFigr = 0,
arag Fye+aoaz Fyg+aga Fior+a1 Ferg+aaFias +a3Fizr +ajasasFig = 0, (3.2)
ayaa F3sgt+asagForz+azar Faig+ay Frsg+asFisa +agFag +ajasas by = 0,
araa Frog+asagFase+asan Fags+an Fres +aoFagg+agFiss+ajasasFige = 0,

oo For+asasz Fiss+azan Fiez +an Frer +aoF3a7 + a3 Foss +arasaz Fosz = 0

In particular, the SO(1,2) invariance, the M2-brane worldvolume Lorentz symmetry,
removes any worldvolume dependence, D, X; = 0 for all p and I.

The above set of BPS equations can be regarded as the master equations since any
N= 2k BPS equations can be obtained by imposing k copies of distinct («, ag, a3) choices.
The corresponding N= 2k BPS equations are then SO(1,2)x SO(8—k)x SO(k) invariant.
We find for N= 14 and N= 16 the corresponding BPS equations are trivial, F,,; = Fjjx =
0. Other nontrivial cases are as follows.

3.1.1 N =2 SO(1,2)x SO(7) invariant BPS equations - octonion

With the choice of (a1, a2, as) = (+ + +), the N=2 SO(1,2)x SO(7) invariant BPS equa-
tions (B.1), (B.3) assume a compact form:

F.r=0, CrykF75l =0, (3.3)

where Cryxir is a SO(7) invariant four-form in eight dimensions, defined in terms of the
octonionic structure constant (R.14),

_ _ 1 . .
Cijks = Cijk Cijkl = §€pqrijkiCpar where 1<4,5,k1<T. (3.4)

BPS states preserving N= 2k supersymmetries then satisfy k& copies of the N=2
BPS equations of different a choices. The corresponding N= 2k BPS equations are
SO(1,2)x SO(k)x SO(8—k) invariant, and involve k different octonionic structures.



3.1.2 N =4 SO(1,2)x SO(6)x SO(2) invariant BPS equations - complex
The N=4 SO(1,2)x SO(6)x SO(2) invariant BPS equations are, with F,,;= 0,

FryrJ’% =0, Frig = (18707 + IJ@10J + JJI ) ik "™MYN Fryn,  (3.5)

where J is a complex structure J2 = —1, J7 = —F and hence SU(4)x SO(2) invariant.
With the specific choice of a’s as (+++),(++—), one gets
1
5;7[JFIJ — F12 + 1"34 + 1’\56 + 1"78 . (36)

In terms of the corresponding holomorphic, anti-holomorphic coordinates a,a =
1,2,3,4 and the metric §°¢, the above N=4 SO(1,2)x SO(6)x SO(2) BPS equations (B.)
can be rewritten as

Fal=Fut =0, Fupe = Fo3.=0. (3.7)

Namely F(q ), F(2,1) are primitive and F3 )= F{o 3= 0.
We note that summing two N= 2 projection matrices generates one complex struc-

2
number of complex structures to the corresponding SO(1,2)x SO(8—k)x SO(k) invariant

ture. Hence in general, summing k > 2 of N= 2 projection matrices will present <k>

BPS equations. The Sk(k — 1) complex structures form singlets under SO(8—k) and are
in the adjoint representation or k-dimensional two-form representation of SO(k). In fact,

they correspond to the generators of SO(k). Nevertheless, the corresponding %k‘(k: - 1)

number of complex structures are degenerate in the sense that distinct [%] of them are

sufficient to lead to the full N= 2k BPS equations.

3.1.3 N =6 SO(1,2)x SO(5)x SO(3) invariant BPS equations - quarternion
The N=6 SO(1,2)x SO(5)x SO(3) invariant BPS equations are, with F,,;= 0,

FrygJ]% =0, p=1,2,3, (3.8)
where J1, Jo, J3 are three distinct complex structures satisfying the quaternion relations:
j12 = j22 = j32 = jlj2j3 =-1. (3-9)

It is worth to note that the remaining relation of (B.) i.e. F(3 )= 0 is fulfilled automatically
for each complex structure.
With the specific choice of a’s as (+++),(++-),(+—+), one gets

1
51 Ty = T2 4T T 4+ 17,

1

5 QIJFIJ F14 P23 F58 F67 , (310)
1

5 ?;TJFIJ F13 F42 F57 F86 )



Summing three N= 2 projection matrices generates one quarternion structure. Hence
in general, summing k > 3 of N= 2 projection matrices will present <I§> number of quar-
ternion structures to the corresponding SO(1,2)x SO(8—k)x SO(k) invariant BPS equa-
tions. The <§> quarternion structures are singlets under SO(8—k) and form a k-dimensional
three-form representation of SO(k). Nevertheless, the corresponding 1k(k—1)(k —2) num-

ber of quarternion structures are degenerate in the sense that distinct [%] of them are

sufficient to give the full N= 2k BPS equations.

3.1.4 N =8 SO(1,2)x SO(4)x SO(4) invariant BPS equations
The N=8 SO(1,2)x SO(4) x SO(4) invariant BPS equations are, with Fj,;= 0,

1 1 1
Frix + §FILM7}KLM + §FJLMTKILM + §FKLMTIJLM =0, (3.11)

where 777k 1 is a SO(4) x SO(4) invariant self-dual four-form. With the specific choice of
a’s as (+++),(++-),(+—+),(+—-), one gets

1

5/Z}JI{LI\[JI{L — F1234 + F5678 . (312)

Summing four N= 2 projection matrices generates one self-dual four-form structure.
Hence in general, summing k > 4 of N= 2 projection matrices will present (Z) number of
self-dual four-form structures to the corresponding SO(1,2)x SO(8—k)x SO(k) invariant
BPS equations. The (Z) self-dual four-form structures are singlets under SO(8—k) and

form a k-dimensional four-form representation of SO(k). Nevertheless, the corresponding
ﬁi‘lﬂ number of self-dual four-forms are degenerate in the sense that distinct [%] of
them are sufficient to give the full N= 2k BPS equations.

3.1.5 N =10 SO(1,2)x SO(3)x SO(5) invariant BPS equations

For N=10 SO(1,2)x SO(3)x SO(5) case there seems no novel structure to appear. One
economic fashion to write the N = 10 SO(1,2)x SO(3)x SO(5) invariant BPS equations
is to employ a SO(4) x SO(4) invariant self-dual four-form and a complex structure: with
Fur=0.?

F]JK—I-%F[[LMT]K}LM:O, F]JKJJK:O. (313)

The specific choice of a’s as (+++),(++-),(+—+),(+——),(—++) gives

%ZJKLFIJKL _ F1234 + F5678 ) %j[JFIJ — F18 _ F27 + F36 _ F45 . (314)

2 Alternatively we can express them in terms of two sets of either SO(4) x SO(4) invariant self-dual
four-forms one given by () the other by &(T'1234+Ts678+T1256+ 3478 + 1357+ 2468+ 1467 +T2358) or
quarternionic complex structures one by (m} and the other by I'ia+T's5+I'76+123, ['is+T4s+1'73+ 162,
lis+T54+T72+136.
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3.1.6 N =12 SO(1,2)x SO(2)x SO(6) invariant BPS equations
The N= 12 SO(1,2)x SO(2)x SO(6) invariant BPS equations are, with F},;= 0,3

FrxT’K =0, p=1,2,3,4,5,6, 3.15
p

where 7/7’s are SO(2) x SO(6) covariant two-forms: fundamental under SO(6) and singlet
under SO(2). With the specific choice of a’s as (+++),(++-),(+—+),(+—=),(—++),(—+-), one

gets
Ly 14 123 L1 67 | 158
5'71 Trp=T"4+1, 57—2 Trp=T"" 4177,
1 1
§7§,IJF1J =T 4+17%, EZJJFIJ =T™4+1%, (3.16)
1 1
5T Ty =T+ T, 576 Try=T%41%.

3.2 SO(2) invariant BPS equations

The generic N = 2 projection matrix (R.21) leads to the following N=2 SO(2)x SU(4)
invariant BPS equations which involve three free sign factors 33 = 32 = Bg =1:

For+51Fyp =0, Fp3+oFyy =0, Fps+ B3F=0, Fpr+ 316203F,8=0,
Foo—51FEn =0, Fpy—(oFy3=0, Fu—B3Fys=0, Fy—PB10ef3Fyr =0, (3.17)

and

Fia+B2F134+ B3 F156+ 018203 F178 =0, Fizs — b1 82F545 — P23 F146 — B301 F236 =0,

Fio+BaFo3a+ B3 Fos6+ 015203 278 =0, Fize— 5182 F46+ 8283 F1a5+ 301 Fa35 =0,

Fis+ 01512+ B3 F356+ 018203 F578 =0, Fig7— b1 82 Fa7r— P23 Fa3s — B3 01 F148 =0,

Fua+ 1 Faz+ B3 Fase+ 018203 Fars =0, Fizs— 182 248+ 8283 Fozr+ 8361 F1a7 =0, (3.18)

Fis+B1F512+ BaFs3a+ 015203 F578 =0, Fis7— 51 82F 168 — B283F258 — B381 Fae7 =0,

Fie+01F612+ B2 Fe3a+ 015203 678 =0,  Fiss+ 0102 167+ B283Fos7— 301 F268 =0,
Fir+B1Fna+ B2 Fr3a+B3Fm6 =0, Fisr—B102F368 — B283Faer — 351 Fass =0,
Fis+B1 812+ B2 Fs3a+ 03 F556 =0,  Fass+05182F367 — P283 Faes + 301 Fas7=0.

The above set of BPS equations can be regarded as the master equations since any N= 2k
SO(2)® invariant BPS equations corresponding to the projection matrices (£:23- B:27)
can be obtained by imposing k copies of distinct (31,2, 33) choices. We find, among
them, the N = 8 SO(2)x SU(4) invariant projection matrix (R.27) leads to the trivial BPS
configuration F,,; = Fr ik = 0. Other nontrivial cases are as follows.

30f course, the above N = 12 BPS equations can be obtained by imposing a pair of two distinct
quarternionic BPS equations (E) There are %(g) = 10 such pairs and any of them leads to the same

N = 12 BPS equations. For example we may choose one quarternion structure from () and the
other by I'24T874 56443 74288364 P8 172 154136 corresponding to the o choices
(H++),(H+2), (=) and (+——),(—++),(—+-).
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3.2.1 N =2 SO(2)x SU(4) invariant BPS equations

The N = 2 SO(2)x SU(4) invariant BPS equations corresponding to the projection ma-
trix (R.23) or the choice (31, B2, 33) = (+ + +) in (B.17) and (B.1§) assume a compact form,

up to Hermitian conjugation:

Fa=0, Fiq —iFy’ =0, Fape =0, (3.19)

provided we complexify the SO(8) coordinates by the complex structure I'1o+1'g4+'56+1'7s,
to introduce the holomorphic and anti-holomorphic variables a,a = 1,2, 3,4 such that the
metric is d,z and

1 1
D, = —(D, —iD,). D, = —(D, +iD,).
\/é( y) 2( y)
1 1
Fao = —=(D:Xso_1 —iD:Xoa),  Fg = —=(D.Xoa_1 +iD,Xq) . 3.20
\/Q( 2a—1 2) \/5( 2a—1 2a) (3.20)

3.2.2 N =4 SO(2)x SU(2)x SO(4) invariant BPS equations
The N =4 SO(2)x SU(2)x SO(4) invariant BPS equations corresponding to the projection
matrix (.24) are, up to Hermitian conjugation,

] 1
F.a=0, sz:07 Fpab:(), Fi—iF," =0, Flpq+§€pqrsFIm:0’ (3‘21)

where I = 1,2,...,8, p,q,7,5 = 5,6,7,8, €pqrs is a totally anti-symmetric tensor with
ese7s= 1 and a,b,a = 1,2 such that the SO(4) C SO(8) coordinates are complexified by
the complex structure I'ja+1'34.

3.2.3 N =6 SO(2)x SO(2)x SU(3) invariant BPS equations

The N =6 SO(2)x SO(2)x SU(3) invariant BPS equations corresponding to the projection
matrix (R.25) are, up to Hermitian conjugation,

1
Fz&z:o7 an:O7 anzoa Ftw_ingaa:O7
. 1
F;ta_ZFawu_) :07 Fwab :07 Fabézoa Fwaf)_ g(chc)éaI; :07 (322)

where a,a = 1,2, 3 such that we complexify the SO(6) C SO(8) coordinates by the complex
structure I'sy+T'56+'s7 and also set separately for SO(2) C SO(8),

F., = %(le —iF3), F. = %(le +iF.9). (3.23)

3.2.4 N =8 SO(2)x SO(2)x SO(6) invariant BPS equations
The N = 8 SO(2)x SO(2)x SO(6) invariant BPS equations corresponding to the projection

A

matrix (R.2() are, up to Hermitian conjugation,
F., =0, F.,=0, Fir—1iFr.s =0, Frpq =0, (3.24)

where I =1,2,...,8, p=3,4,5,6,7,8 and we complexify the SO(2) C SO(8) coordinates
by the complex structure I'12 to employ (B.29).
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3.3 SO(1,1) invariant BPS equations

2 2 2

The generic N = 1 projection matrix (2.28) leads to the following N=1 SO(1,1)x SO(7)
invariant BPS equations which involve four free signs o2 = of = a3 = o = 1:

th—aoFM:O, I:1,2,...,8,

apFy1 —ayag Forg —asag Fiag — sy Fgggs — an Fagy — o Fosg — ag F3s7 —aiaeasz Fyre =0,

ag Py —ayag Frig —agag Fyre — agar Fyrs — g Flaz — ag Figs — ag Fyes —apapas Fs3s =0,
apFy3 —ayag Fyse —asagFogr —aszay Figs — an Flog — e Fyrs —asFs17 —apasag Fasg =0,

o Fys— oo Fs3e — aaaz Fiss —azan Fasy — a1 Fiza — o Frag — agFeas —ajazaz Fier =0, (3.25)
apFys —ayag F3ge — agaz Fy1g —agan Fuor — g Fors — o Fog — ag Figr —apapas F3s =0,
aoFye — a1 ag F354 — anagFors —agar F318 — o Frrsg — o P50 — g Foyg — vy ez Fi74=0
agFy7 —ayag Fog — anaig Faze — aigay Fogs — iy Fses — o F348 — a3 Fis3 —apapaz Fiae =0,
apFys+ayjag Fior+asag Fisa +asar Fies +an Fser + o Faar +agFogs +aiasas Fas3=0.

The above set of BPS equations can be regarded as the master equations for generic
SO(1,1) invariant BPS equations. One can classify the BPS equations according to the
decomposition of the number of preserved supersymmetries as (N4, N_) (R.3d). Among
others, below we spell explicitly (N, 0) as well as (N, N) BPS equations with N, =
1,2,...,7, N=1,2,3,4.

3.3.1 (N4,N_)=(1,0) SO(1,1)x SO(7) invariant BPS equations - octonion

With the choice of (ag, a1, a2, a3) = (+ + ++), the (N4, N_)=(1,0) SO(1,1)x SO(7) in-

variant BPS equations (B.2() assume a compact form:
Fyy — Fyr =0, Fyr — ¢CryxF75F =0, (3.26)
which generalizes the N =2 SO(1,2)x SO(7) invariant BPS equations (B.3).

3.3.2 (N4,N_) =(2,0) SO(1,1)x SO(2)x SO(6) invariant BPS equations - complex

The (Ny,N_) = (2,0) SO(1,1)x SO(2)x SO(6) invariant BPS equations are, with
Fy—Fp=0,

1
jIJFyJ+§FfJKjJK=0, Frix = (10JoJ+Jo10J+JoJ o) k™Y Fryn , (3.27)
which generalizes the N = 4 SO(1,2)x SO(6)x SO(2) invariant BPS equations (B.5).

3.3.3 (N;,N_) = (3,0) SO(1,1)xSO(3)x SO(5) invariant BPS equations - quar-
ternion

The (Ny,N_) = (3,0) SO(1,1)x SO(3)x SO(5) invariant BPS equations are, with

Fy—Fp=0,

1
jI;IJFyJ + §FIJKt7pJK =0, p=123, (328)
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where [J1, Jo, J3 are three distinct complex structures satisfying the quaternion relations,
JE = J} = J¢ = hJJs = —1 B1D). It is worth to note that the remaining rela-

tion of (B.279) Fis0) = 0 is fulfilled automatically for each complex structure. Eq. (B.29)
generalizes the N = 6 SO(1,2)x SO(5)x SO(3) invariant BPS equations (B.§).

3.3.4 (N4,N_) = (4,0) SO(1,1)x SO(4)x SO(4) invariant BPS equations

The (N4,N_) = (4,0) SO(1,1)xSO(4)x SO(4) invariant BPS equations are, with
Fyi—Fyr=0,

1 1 1
Ty Byt + Frox + §FILMTJKLM + §FJLMTKILM + §FKLMTIJLM =0, (3.29)

where 77551 is a SO(4) x SO(4) invariant self-dual four-form (B.12). Eq. (B.29) generalizes
the N = 8 SO(1,2)x SO(4) x SO(4) invariant BPS equations (B.11)). Some mass deforma-
tions of the above BPS equations are studied in ref. [2J].

3.3.5 (N4,N_) = (5,0) SO(1,1)x SO(5)x SO(3) invariant BPS equations

The (N4y,N_) = (5,0) SO(1,1)x SO(5)x SO(3) invariant BPS equations are, with
Fir—Fyr=0,

Tk Fy" + Frog + "™ Trxm = 0, TYFEy;+ $FrJ’® =0, (3.30)

where Trjk; and J!7 are given in (BI4). Eq. (B30) generalizes the N = 10
SO(1,2)x SO(3)x SO(5) invariant BPS equations (B.13).

3.3.6 (N4,N_) = (6,0) SO(1,1)x SO(6)x SO(2) invariant BPS equations
The (N4, N_) = (6,0) SO(1,1)x SO(6)x SO(2) invariant BPS equations are, Fy;—Fy;= 0,
1
T F,y + §FIJK7;;’K =0, p=1,2,3,4,56, (3.31)

where six of two-forms 7,, p = 1,2,...,6 are given in (B.16). Eq. (B:3]) generalizes the
N =12 SO(1,2)x SO(2)x SO(6) invariant BPS equations (B.19).

3.3.7 (N4,N_) = (7,0) SO(1,1)x SO(7) invariant BPS equations
The (N4, N_) = (7,0) SO(1,1)x SO(7) invariant BPS equations are, with Fy;—F,r= 0,
1
%fJFyJJriFIJK?;JK:o, p=1,2,3,4,56,7. (3.32)
Here we have seven of two-forms, six given by (B.14) and last one by

1
57’71"1“1] =B84 57, (3.33)

They form a fundamental representation of SO(7).
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3.3.8 (N4,N_) =(1,1) SO(1,1)x SO(6) invariant BPS equations

The (N4, N_) = (1,1) SO(1,1)x SO(6) invariant BPS equations are, with Fi; = F,; =0,
best expressed in complex coordinates,

Fub =0, Fya — 36" Foeg = 0. (3.34)

3.3.9 (N4,N_) =(2,2) SO(1,1)x SO(2)x SO(2)x SO(4) invariant BPS equations

The (N4, N_) = (2,2) SO(1,1)x SO(2)x SO(2) x SO(4) invariant BPS equations are, with
Fip = Fpr =0,

g gKIL _ TVELY Ry pITE gF[ILMTJK}LM =0, (3.35)

where J!7 is the complex structure of [''2 4+ T34+ 1% + T8 (B.§) and 77/KL is the self-dual
SO(4)x SO(4) invariant four-form tensor of I''234 4- T'5678 (B13).

3.3.10 (N4, N_)=(3,3) SO(1,1)x SO(3)x SO(3)x SO(2) invariant BPS equations
We present the (N1, N_) = (3,3) SO(1,1)x SO(3)x SO(3)x SO(2) invariant BPS equa-
tions with a pair of quarternion structures, one from (B.II) and the other from
F12—|—F87—|—F56—|—F43, F17—|—F28—|—F53—|—F64, F18+F72—|—F54—|—F36. With Ft[ — le =0 they
are

1 . 1 R
j;JFyJ+§FIJijJK=0, j;JFyJ—iFIJijJKzo, p=1,2,3. (3.36)

3.3.11 (N4, N_) = (4,4) SO(1,1)x SO(4)x SO(4) invariant BPS equations

The (N4, N_) = (4,4) SO(1,1)x SO(4)x SO(4) invariant BPS equations are, with F;; =
Fyr =0, in terms of the self-dual x SO(4)x SO(4) invariant four-form tensor,

TVELE 4+ FTK = 0. (3.37)

Especially among all the half BPS cases i.e. Ny + N_ = 8, only the case (N4, N_) = (4,4)
leads to the nontrivial BPS equations.

4. Discussion

In this paper we studied and identified a number of BPS equations for the multiple M2-
brane theory proposed recently by Bagger and Lambert. We employed a method which
had been successfully applied to several analogous problems. One first constructs the basic
projection matrices for the supersymmetry parameters, and then obtain the corresponding
BPS equations. Our classifications are complete for SO(1,2) as well as SO(2)® invariant
BPS equations, while may be not for SO(1, 1) invariant cases.

The BPS equations with different types and numbers of preserved supersymmetries are
derived in terms of the associated tensors which are invariant under the symmetry group
of the relevant BPS equations. In particular we derived three types of half BPS equations,
which we recall:
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e N=28 SO(1,2)x SO(4) x SO(4) invariant BPS equations (B.11])

Fur=0, Frjx + %FILMIIKLM + %FJLMTKILM + %FKLMTIJLM =0. (41)
e N =8 SO(2)x SO(2)x SO(6) invariant BPS equations (B.24))
F.; =0, F.,=0, Fir—iFr. =0, Frpq =0, (4.2)
where [ =1,2,...,8, p=3,4,5,6,7,8, and w, @ are complex coordinates for SO(2) C
SO(8).
o (Ni,N_)=(4,4) SO(1,1)x SO(4)x SO(4) invariant BPS equations (B.37)

Fy=F, =0, TUELE [ + FIVE = 0. (4.3)

The BPS equations for different number of supersymmetries exhibit the division alge-
bra structures: octonion, quarternion or complex. Let us take the Lorentz invariant type
as examples. For the least supersymmetric configurations preserving 1/8 supersymmetries,
the relevant symmetry is SO(1,2)x SO(7) and the BPS equations can be elegantly written
in terms of the invariant four-form which has close relation to octonions. For 1/4-BPS
equations the symmetry is SO(1,2)x SO(6)x SO(2) and a complex structure appears. We
next have 3/8 SO(1,2)x SO(5)x SO(3) invariant BPS equations, which are naturally best
expressed in terms of quarternions or hyper-Kéhler structure. In addition, for 1/2-BPS
equations we have the SO(4) x SO(4) invariant self-dual four-form structure. We have also
identified the exotic classes with more than 1/2 supersymmetry. Apparently the governing
symmetries include more than one hyper-Kahler structures, but we have not been able
to express the BPS equations in a succinct way. The true mathematical identity of such
systems certainly deserves more careful study.

The explicit solutions of the BPS equations will give the spectrum of supersymmetric
solitons in Bagger-Lambert theory. It is natural to ask the M-theory interpretation of such
objects. The real scalar fields X! describe the locations of M2-branes in the transverse R3.
The spatial dependence of X! thus informs us on the shape of M2-branes, or how they are
embedded in the transverse R®. Eq. (B.17) and the subsequent analysis clearly suggest that
the M2-brane worldvolume should occupy holomorphic curves, which is natural for super-
symmetry. Likewise, time-dependence of the scalar field obviously implies that there is
momentum along the particular direction. The three-algebra terms F7 ;i describe the truly
M-theoretic phenomena: polarization of multiple M2-branes into M5-branes. Generically
the BPS equations are given as various combinations of such basic building blocks, and
more detailed descriptions with explicit solutions will be reported in a separate publication.

Acknowledgments

We wish to thank Bum-Hoon Lee for discussions and encouragement. This work is sup-
ported by the Center for Quantum Spacetime of Sogang University with grant number R11
- 2005 - 021. NK is partly supported by Korea Research Foundation Grant, No. KRF-
2007-331-C00072. The research of JHP is supported in part by the Korea Science and
Engineering Foundation grant funded by the Korea government (R01-2007-000-20062-0).

— 16 —



A. Gamma matrices and octonions

The eleven-dimensional 32x32 gamma matrices '™, M = pu, I, p=t,z,y, I =1,2,...,8
in the Bagger-Lambert theory naturally decompose into two parts: SO(1,2) the M2-brane
worldvolume and SO(8) the transverse space,

Ft:€®’7(9), Fx20'1®’7(9), Fy20'3®’7(9), FI:1®’)/I, 121,2,...,8. (Al)
Here v!’s are the 16x16 gamma matrices in the eight-dimensional Euclidean space and
Y(9) = M2-8. Clearly the SO(1,2) projection constraint (.4) coincides with that of SO(8),

thy =1® Y(9) - (AZ)

This is consistent with the fact that the product of all the eleven-dimensional gamma

matrices leads to the identity I**¥123+8 —= 1,

Now we recall the seven quantities &;, ¢ = 1,2,3--- ,7 (R.13). In the above choice of
gamma matrices we have

& =10E, P-1oP, (A.3)
where as in (R.13)
Er = 8127 P, Ey = ys163P, E3 = vs046 P, Ey = vs347P,
E5 = 8567 P, Eg = 8253 P, E7 = 8154 P, P = %(1 +Y(9)) - (A4)

The subscript spatial indices of the gamma matrices are organized such that the three
indices after the common 8 are identical to those of the totally anti-symmetric octonionic
structure constants (R.14). It is straightforward to see that E; forms a representation of
the “square” of the octonions on the eight-dimensional chiral space,

EiEj = 6P +cky By, Ei=e®e. (A.5)

Since they commute each other, they form a maximal set of the mutually commuting
traceless symmetric and real matrices of the definite chirality (9 F; = E;. In fact, one can

construct a SO(8) symmetric and real gamma matrix representation which makes all E;’s
be simultaneously diagonal, utilizing the octonionic structure constants:

0 P1 1 0
Y= ) PI(PJ)T+PJ(PI)T =201, Y(9) = 712345678 = (0 _1> . (A.6)
(PI)T 0
Here p;, I =1,2,...,8 are 8x8 real matrices given by?
C; — Ny
pZ:_(pZ)T: ) Z‘:1727"'777 pS:l’ (A7)
(Tli)T 0

4In particular, p;, 1 < i < 7 correspond to the Majorana gamma matrices in Euclidean seven dimensions
pip; + pipi = —20i;.

— 17 —



and ¢; is a 7x7 real matrix whose j, k component is nothing but the octonionic structure
constant c;; (.14), while n; is a seven-dimensional unit vector of which the jth component
is defined to be 4,”.

In the above choice of Majorana gamma matrix representation, all the F;’s and P are

diagonal,
E, = diag(+1,+1,-1,-1,—-1,-1,+1,+1,0,0,0,0,0,0,0,0),
E, = diag(+1,—-1,+1,-1,—-1,+1,-1,+1,0,0,0,0,0,0,0,0),
Es = diag(—1,+1,-1,+1,—-1,+1,-1,+1,0,0,0,0,0,0,0,0),
E, = diag(-1,—-1,+1,+1,—-1,-1,+1,+1,0,0,0,0,0,0,0,0), (A.8)
Es = diag(—1,—-1,-1,-1,4+1,+1,+1,+1,0,0,0,0,0,0,0,0),
E¢ = diag(—1,+1,+1,-1,+1,-1,-1,+1,0,0,0,0,0,0,0,0),
E; = diag(+1,-1,-1,+1,+1,-1,-1,+1,0,0,0,0,0,0,0,0),
P = diag(+1,+1,+1,+1,+1,+1,+1,+1,0,0,0,0,0,0,0,0),

and the SO(8) triality among 8, 8, 8_ is apparent as the 8, generators decompose into

T
pupy 0
YIJ = . A9

( 0 plog ) (4.9)

With the identity eg = 1, the octonion algebra now spells completely:

the 8 and 8_ generators,

ele(]:(pI)JKeKy IvJaK:1727"'78' (AlO)

Finally let us consider a self-dual four-form and contract it with the SO(8) gamma
matrices I'T/KL | such as T4P in (@-10). Clearly utilizing the SO(8) triality, one can diag-
onalize T4P to express it as a linear combination of &;’s. This shows that the canonical
form of a self-dual four-form in eight dimensions indeed takes the form (R.12): namely the
non-vanishing independent components are only those seven which are contracted to &;’s.

B. SO(2) invariant projection matrix

Here we derive the most general form of the 32 x 32 projection matrices 2 which are
invariant under the Cartan subalgebra SO(2)® of SO(10), satisfying in addition to the
conditions (B.3),

. Q] =0, r'2,Q] =0, [r34,Q] =0, [r°%,Q] =0, [T7,Q]=0. (B.1)
As (B-17), they assume the general form:
Q= [c+T% (a1l + ol + gl + ayT7) + b, 7124 + 5,10 + 5T P, (B.2)

where c,aq,...,bs are eight a priori unknown real constants which must be determined
by requiring the remaining condition Q? = €. In particular the number of the preserved
supersymmetries is related to the constant ¢ by

N =TrQ) = 16¢. (B.3)
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It is convenient to reparameterize the four constants ai,as,as,as by four other con-
stants e, es, e3, €4

e1 =2(a1 + a2 + az + aq) , ea =2(a1 +ag —asz —aq),

e3 = 2(&1 —as +az — a4) , e4 = 2(—&1 + a2 +ag — CL4) , (B.4)
and the other four constants ¢, by, by, bs by another set of four constants f1, fo, f3, fa

fi=2c—1—2b; —2by — 2b3, fo=2c—1—2by + 2by + 2b3,
f3:26—1+2bl—2b2+2bg, f4:20—1+2bl+2b2—253. (B5)

It follows that

1 1
a1:§(€1+€2+€3—€4)7 a2=§(€1+62—€3+€4),
1 = gler— 2 +es bea), 1= gler—e2—es —a), (B.6)
b1=%(—f1—f2+f3+f4), b2=%(—f1+f2—f3+f4),
bgzé(—f1+f2+f3—f4)a Czé(f1+f2+f3+f4+4)'

Straightforward calculation shows that Q2 =  is equivalent for each a = 1,2,3,4 to
fa€a =0, e2 =1+ )1 - fa) not a sum. (B.7)
Hence for each a we have four possible solutions:
ea =0, fo=4+1; e,=0, fa=—-1; e,=+1, fa=0; e,=-1, fo=0. (B.8)

Consequently from (B.3) and (B.§), the possible values of ¢ are 0, %, %, %, %, %, g, %, 1,
so that the number of the preserved supersymmetries N is an even number between zero
and sixteen. The basic building blocks of all the possible projection matrices are those of

N = 2 given by

1
Q= 3 (14D (B4 T2+ BoT? 4 33070+ 31 8235178 ) — By o1 1234 — 333 T 1256 — 3, B, D 1278]
1

=g+ BITV2) (1 + BT ™3 (1 + B0 ™0) P, (B.9)
where 1, (B2, O3 are three independent signs,

pl=p3=0i=1. (B.10)

There are eight possible N = 2 projection matrices which are orthogonal to each other.
By summing k of them, all the other generic projection matrices preserving N = 2k
supersymmetries can be obtained.
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